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@Abstract In this work, we established abundant travelling wave solutions for




-expansion method was used to
construct travelling wave solutions of nonlinear evolution equations. The travel-
ling wave solutions are expressed by the hyperbolic functions, the trigonometric
functions and the rational functions. This method presents a wider applicability
for handling nonlinear wave equations.
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74 A. Bekir, F. Uygun1. Introduction
The investigation of the travelling wave solutions for nonlinear partial differential
equations plays an important role in the study of nonlinear physical phenomena.
Nonlinear wave phenomena appears in various scientiﬁc and engineering ﬁelds,
such as ﬂuid mechanics, plasma physics, optical ﬁbers, biology, solid state physics,
chemical kinematics, chemical physics and geochemistry. Nonlinear wave phe-
nomena of dispersion, dissipation, diffusion, reaction and convection are very
important in nonlinear wave equations. In the past several decades, new exact
solutions may help to ﬁnd new phenomena. A variety of powerfull methods, such
as inverse scattering method [1,19], Hirota bilinear tranformation [11,23], the
tanh–sech method [13,22,25,17], sine–cosine method [21,4] and Exp-function
method [5,14,28,9] were used to develop nonlinear dispersive and dissipative
problems.




-expansion method for a





method is widely used by many such as in [29,3,30,2,26 and by the reference
therein].





method to stress its power in handling nonlinear equations, so that one can apply
it to models of various types of nonlinearity. In Section 2, we describe this method
for ﬁnding exact travelling wave solutions of nonlinear evolution equations. In
Sections 3–5, we illustrate this method in detail with the celebrated the foam drain-
age, (2+1)-dimensional breaking soliton and (3+1)-dimensional Kadomstev–Pet-











Step 1. A PDEPðu; ut; ux; uxx; utt; uxt; uxxx; . . .Þ ¼ 0: ð2:1Þ
can be converted to on ODEQðU;U0;U00;U000; . . .Þ ¼ 0: ð2:2Þ
upon using a wave variable u(x,t) = U(n),n= x  ct. Eq. (2.2) is then inte-
grated as long as all terms contain derivatives where integration constants
are considered zeros.













Exact travelling wave solutions of nonlinear evolution equations by using 75where G= G(n) satisﬁes the second order LODE in the formG00 þ kG0 þ lG ¼ 0; ð2:4Þ




. a0, . . . ,am, k and l are constants to be
determined later, am „ 0, the positive integer m can be determined by
considering the homogeneous balance between the highest order deriv-
atives and highest order nonlinear terms appearing in ODE (2.2).
Step 3. By substituting (2.3) into (2.4) and using second order of LODE (2.4),










each coefﬁcient of this polynomial to zero, yields a set of algebraic
equations for a0, . . . ,am, k, c and l by using Maple.
Step 4. Assuming that the constants a0, . . . ,am,k,c and l can be obtained by
solving the algebraic equations in Step 3, since the general solutions
of the second order LODE (2.4) have been well known for us, then
substituting a0, . . . ,am,c and the general solutions of Eq. (2.4) into
(2.3) we have more travelling wave solutions of the nonlinear evolution
Eq. (2.1).
3. The foam drainage equation








¼ 0; ð3:1Þwhere x and t are scaled position and time coordinates, respectively. In this paper,
we show the effectiveness and convenience of the method by obtaining the exact
solution of Eq. (3.1). Foam is central to a number of everyday activities, both nat-
ural and industrial. As such foam has been of great interest for academic research.
In the process industries, foam can be a desirable and even essential element of a
process. An example is in the case of the froth ﬂotation separation of minerals and
coal [18]. Foaming occurs in many distillation and absorption processes. Foams
are very important in many technological processes and applications. Their prop-
erties are subject to intensive investigational efforts from both practical developers
and scientiﬁc researchers [10].







¼ 0: ð3:2ÞIntegrating (3.2) with respect to n and considering the zero constants for interga-
tion we obtain







¼ 0; ð3:3Þthen we use the transformationuðnÞ ¼ v2ðnÞ; ð3:4Þ
that will convert Eq. (3.3) tokcv2 þ kv4  k2v2v 0 ¼ 0; ð3:5Þ
or equivalentlycþ v2  kv 0 ¼ 0; ð3:6Þ
where the prime denotes differentiation with respect to n. Balancing v 0 with v2 in
(3.6) givesmþ 1 ¼ 2m; ð3:7Þ
so thatm ¼ 1: ð3:8Þ

























þ a20: ð3:11ÞSubstituting Eqs. (3.10) and (3.11) into Eq. (3.6), collecting the coefﬁcients of
G0
G
 iði ¼ 0; . . . ; 2Þ and set it to zero we obtain the system
ka1 þ a21 ¼ 0;
2a0a1 þ ka1k ¼ 0;
a20 þ cþ ka1l ¼ 0;
ð3:12ÞSolving this system by Maple givesa0 ¼  kk
2
; a1 ¼ k; c ¼ k
2
4
ð4l k2Þ: ð3:13Þwhere k and l are arbitrary constants.
By using Eq. (3.13), expression (3.9) can be written as











:Substituting the general solutions of Eq. (2.4) into Eq. (3.14) we have three types
of travelling wave solutions of the nonlinear wave equation as follows:























































































































78 A. Bekir, F. UygunWhen k2  4l= 0,v3ðnÞ ¼  kc2
c1 þ c2kx ; ð3:19Þandu3ðnÞ ¼ k
2c22
ðc1 þ c2kxÞ2
: ð3:20ÞComparing our results and Darvishi et al.’s results [8] with Helal and Mehanna’s
results [10] then it can be seen that the results are same.
It is noted that the rational solutions (3.19) and (3.20) derived here do not ap-
pear in Darvishi et al. [8] and Helal and Mehanna [10].
4. The (2+1)-dimensional breaking soliton equations
Let us consider the (2+1)-dimensional breaking soliton equations [12]:ut þ auxxy þ 4auvx þ 4auxv ¼ 0;
uy ¼ vx;
ð4:1Þwhere a is known constant. Eq. (4.1) describes the (2+1)-dimensional interaction
of a Riemann wave propagating along the y-axis with a long wave along the x-
axis. In the past years, many authors have studied Eq. (4.1). For instance, Zhang
has successfully extended the generalized auxiliary equation method to the (2+1)-
dimensional breaking soliton equations in [27]. Some soliton-like solutions were
obtained by the generalized expansion method of Riccati equation in [7]. Recently,
a class of periodic wave solutions were obtained by the mapping method in [15].
Two classes of new exact solutions were obtained by the singular manifold method
in [16].
Using the wave variable n= x+ y  ct and proceeding as before we ﬁndcu0 þ au000 þ 4auv 0 þ 4au0v ¼ 0;
u0 ¼ v 0: ð4:2ÞIntegrating the second equation in the system and neglecting constants of integra-
tion we ﬁndu ¼ v: ð4:3Þ
Substituting (4.3) into the ﬁrst equation of the system and integrating we ﬁndcuþ 4au2 þ au00 ¼ 0: ð4:4Þ
By the same procedure as illustrated in Section 3, we can determine the value of m
by balancing u2 and u00 in Eq. (4.4). We ﬁnd m= 2. We can suppose that the solu-
tions of Eq. (4.4) is of the form











































þ 2a2l2 þ a1kl: ð4:7ÞSubstituting Eq. (4.5)–(4.7) into Eq. (4.4), collecting the coefﬁcients of
G0
G
 iði ¼ 0; . . . ; 4Þ and set it to zero we obtain the system
6aa2 þ 4aa22 ¼ 0;
8aa1a2 þ 2aa1 þ 10aa2k ¼ 0;
3aa1kþ 4aa2k2  ca2 þ 8aa2lþ 8aa0a2 þ 4aa21 ¼ 0;
8aa0a1 þ 2aa1lþ aa1k2  ca1 þ 6aa2kl ¼ 0;
4aa20  ca0 þ 2aa2l2 þ aa1kl ¼ 0:
ð4:8ÞSolving this system by Maple givesa0 ¼  3
2
l; a1 ¼  3
2
k; a2 ¼  3
2






; a1 ¼  3
2
k; a2 ¼  3
2
; c ¼ aðk2  4lÞ; ð4:10Þwhere k and l are arbitrary constants.






























; ð4:12Þwhere n= x+ y+ a(k2  4l)t.
80 A. Bekir, F. UygunSubstituting the general solutions of Eq. (2.4) into Eqs. (4.11) and (4.12) we
have six types of travelling wave solutions of the (2+1)-dimensional breaking sol-
iton equations as follows:
When k2  4l> 0,u1ðnÞ ¼ 3
8





























































where n= x+ y  a(k2  4l)t, oru2ðnÞ ¼ 3
8





























































where n= x+ y+ a(k2  4l)t.
When k2  4l< 0,u3ðnÞ ¼ 3
8





























































where n= x+ y  a(k2  4l)t, oru4ðnÞ ¼ 3
8





























































where n= x+ y+ a(k2  4l)t.
When k2  4l= 0,
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2
2







v5ðnÞ ¼  3c
2
2







ð4:17Þoru6ðnÞ ¼  3c
2
2







v6ðnÞ ¼  3c
2
2







ð4:18ÞComparing our results and Zhang’s results [27], Cheng and Li’s results [7] with
Peng’s results [15,16] it can be seen that the results are same. If proper k,l values
are chosen, then it can be seen that the results are same.
5. The (3+1)-dimensional KP equation
We next consider the (3+1)-dimensional KP equationuxt þ 6u2x þ 6uuxx  uxxxx  uyy  uzz ¼ 0: ð5:1Þ
Xie et al. [24] obtained non-travelling wave solutions by the improved tanh func-
tion method, in which they introduced a generalized Riccati equation and gained
its 27 new solutions. In this paper, we will construct new non-travelling wave solu-
tions of Eq. (2.1). As a result, new non-travelling wave solutions including soliton-
like solutions and periodic solutions of Eq. (2.1) are obtained. A generalized var-
iable-coefﬁcient algebraic method with computerized symbolic computation is
developed to deal with the (3+1)-dimensional KP equation with variable coefﬁ-
cients in [31]. Chen et al. [6] study the (3+1)-dimensional KP equation by using
the new generalized transformation in homogeneous balance method.
Using the wave variable n= x+ y+ z  ct, the Eq. (5.1) is carried to an ODE
of the formðcþ 2Þu00 þ 6ðu0Þ2 þ 6uu00  u0000 ¼ 0: ð5:2Þ
Integrating twice and setting the constants of integration to zero, we obtainðcþ 2Þuþ 3u2  u00 ¼ 0: ð5:3Þ
Balancing u00 with u2 in (5.3) givesmþ 2 ¼ 2m; ð5:4Þ
so thatm ¼ 2: ð5:5Þ















































þ 2a2l2 þ a1kl; ð5:8ÞSubstituting Eqs. (5.6)–(5.8) into Eq. (5.3), collecting the coefﬁcients of
G0
G
 iði ¼ 0; . . . ; 4Þ and set it to zero we obtain the system
 6a2 þ 3a22 ¼ 0;
 10a2kþ 6a1a2  2a1 ¼ 0;
 2a2  ca2  3a1k 4a2k2 þ 3a21  8a2lþ 6a0a2 ¼ 0;
6a0a1  2a1  ca1  2a1l a1k2  6a2kl ¼ 0;
 ca0 þ 3a20  2a0  2a2l2  a1kl ¼ 0:
ð5:9ÞSolving this system by Maple givesa0 ¼ 2l; a1 ¼ 2k; a2 ¼ 2; c ¼ k2 þ 4l 2; ð5:10Þ
ora0 ¼ 1
3
ðk2 þ 2lÞ; a1 ¼ 2k; a2 ¼ 2; c ¼ k2  4l 2 ð5:11Þwhere k and l are arbitrary constants.








; ð5:12Þwhere n ¼ xþ yþ zþ ðk2  4lþ 2Þt oruðnÞ ¼ 1
3








; ð5:13Þwhere n ¼ xþ yþ z ðk2  4l 2Þt or
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of travelling wave solutions of the (3+1)-dimensional KP equation as follows:































































; ð5:15Þwhere n ¼ xþ yþ zþ ðk2  4l 2Þt.



























































where n ¼ xþ yþ zþ ðk2  4l 2Þt.

















; ð5:19Þwhere n= x+ y+ z+ 2t.
Comparing our results and Xie et al.’s results [24], Zhao and Bai’s results [31]
with Chen et al.’s results [6] it can be seen that the results are same. All the solu-
tions reported in this paper have been veriﬁed with Maple by putting them back
into the original Eq. (5.1), which can not be obtained by the methods.





-expansion method was succesfully used to establish travelling wave solu-
tions. Many well known nonlinear wave equations were handled by this method.
The performance of this method is reliable and effective. This method has many
advantages: it is direct and concise. It is shown that the algorithm can be also ap-
plied to other NLPDEs in mathematical physics. The availability of computer sys-
tems like Mathematica or Maple facilitates the tedious algebraic calculations. The
method which we have proposed in this letter is also a standard, direct and com-
puterizable method, which allows us to solve complicated and tedious algebraic
calculation.Acknowledgements
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